The doping, temperature and energy dependence of the dynamical spin structure factors of the underdoped lanthanum cuprates in the normal state is studied within the t-J model using the fermion-spin transformation technique.
In spite of the tremendous efforts dedicated to the studies of anomalous properties of high T c superconductors, many important problems still remain open. Among others, the destruction of antiferromagnetic long range order (AFLRO) and appearance of incommensurate antiferromagnetism (IAF) in doped cuprates is one of the challenging issues for the theory of strongly correlated electron systems. Moreover, the interplay of AF and superconductivity in these compounds is of fundamental importance for the high T c theory. Experimentally, by virtue of systematic studies using NMR and µSR techniques, particularly the inelastic neutron scattering, rather detailed information on dynamical magnetic properties has become available now, awaiting an adequate theoretical interpretation. It has been established that beyond certain critical doping (∼ 3%) the commensurate AFLRO disappears, being replaced by IAF, characterized by incommensurability parameters δ, i.e., the AF Bragg peaks are shifted from [π,π] to four points [π(1 ± δ), π], [π, (1 ± δ)π] [1] . For very low dopings δ varies almost linearly with concentration x, but saturates at higher dopings. These peaks broaden and weaken in amplitude as the temperature and energy increase. These features are fully confirmed by the data on lanthanum cuprates [1] [2] [3] [4] , and have also been found recently on yttrium cuprates [5] . Theoretically there is a general consensus that IAF emerges due to doped charge carriers. Several attempts have been made to make this argument more precise, including the hole induced frustration [6] , stripe formation [7] , spiral phase [8] and Fermi surface nesting [9] . Based on the phenomenological ansatz of marginal Fermi liquid behavior [10] and tight binding calculation, a detailed fitting of the experimental data was attempted [11] . Recently experiments show stronger singularities of AF fluctuations [12] than what is anticipated from the phenomenological models. The proximity to a quantum critical point [13] was proposed as an alternative explanation [12] . However, to the best of our knowledge, no systematic calculations have been performed within the standard strong correlation models for the dynamical spin structure factors (DSSF) to confront the experimental data. Exact diagonalization is limited by system sizes, while the quantum Monte Carlo technique faces the negative sign problem for lower temperatures [14] . Thus it is rather difficult to obtain conclusive results.
In this paper, using the fermion-spin theory [15] which implements properly the local single occupancy constraint, we calculate explicitly DSSF for cuprates within the t-J model and reproduce all main features found in experiments [2] [3] [4] 12] , including peak position as well as temperature and energy dependence. Apart from the ratio t/J (taken to be 2.5), there are no other adjustable parameters in the calculations. Moreover, the theory predicts the magnetic peaks will be rotated by π/4 at even higher temperatures, i.e., being shifted
. To avoid complications due to bilayers we will focus on the normal state IAF in lanthanum cuprates.
We start from the t-J model on a square lattice,
with the local constraint σ C † iσ C iσ ≤ 1, whereη = ±x, ±ŷ, and S i = C † i σC i /2 are spin operators with σ = (σ x , σ y , σ z ) as Pauli matrices. The single occupancy local constraint can be treated properly in analytical form within the fermion-spin theory [15] based on the slave particle approach [16] ,
, where the spinless fermion operator h i describes the charge (holon) degrees of freedom, while the pseudospin operator S i describes the spin (spinon) degrees of freedom. In this representation, the low-energy Hamiltonian of the t-J model (1) can be rewritten as [15] ,
with
, where x is the hole doping concentration, the holon hopping respectively. It has been shown [15] that the constrained electron operator can be mapped exactly using the fermion-spin transformation defined with an additional projection operator.
However, this projection operator is cumbersome to handle in the actual calculations, and we have not presented it explicitly in Eq. (2). It has also been shown [15] that such treatment leads to errors of the order x in counting the number of spin states, which is negligible for small dopings. Within this framework the spin fluctuations only couple to spinons, but the strong correlation between holons and spinons is included self-consistently through the holon's parameters entering the spinon propagator. Therefore both spinons and holons are responsible for the spin dynamics. The universal behavior of the momentum-integrated DSSF and susceptibility in the underdoped regime has been calculated within the fermionspin theory [17] by considering spinon fluctuations around the mean-field (MF) solution,
where the spinon part is treated by the loop expansion to the second order. Following Ref.
[17], we obtain DSSF as,
where the full spinon Green's function,
s (k, ω), with the MF spinon Green's function [18] ,
s (k, ω) and ReΣ (2) s (k, ω) are the imaginary and real parts of the second order spinon self-energy, respectively, obtained from the holon bubble,
where
n B (ω k ) are the fermion and boson distribution functions, respectively, the MF holon excitation ξ k = 2Ztχγ k + µ, and the MF spinon excitation, ω
In order to satisfy the sum rule for the correlation function S + i S − i = 1/2 in the absence of AFLRO, a decoupling parameter α has been introduced in the MF calculation, which can be regarded as the vertex correction [18, 19] . These MF order parameters χ, C, χ z , C z , φ, and decoupling parameter α have been determined [18] by the self-consistent equations.
Of course, at vanishing dopings the AFLRO gives rise to a commensurate peak at is suppressed severely with increasing temperature, whereas the weight is increasing with temperature [12] at [(1±δ/2)/2, (1±δ/2)/2]. This tendency is consistent with our theoretical predictions. Experiments at even higher temperatures are required to check our predictions explicitly.
Now we give some physical interpretation to the above obtained results. As seen from Eq. (3), the DSSF has a well-defined resonance character. S(k, ω) exhibits a peak when the incoming neutron energy ω is equal to the renormalized spin excitation s (k δ , ω). Near half-filling, the spin excitations are centered around the AF wave vector [1/2, 1/2], so the commensurate AF peak appears there. Upon doping, the holes disturb the AF background. Within the fermionspin framework, as a result of self-consistent motion of holons and spinons, IAF is developed beyond certain critical doping, which means, the low-energy spin excitations drift away from the AF wave vector, or the zero of W (k δ , ω) is shifted from [π, π] to k δ . As seen from Eq.
(3), the physics is dominated by the spinon self-energy renormalization due to holons. In this sense, the mobile holes are the key factor leading to IAF. As seen from and YBa 2 Cu 3 O 7−x [5] . There might be additional features due to bilayer splitting in the band structure [21, 5] , and related theoretical results will be presented elsewhere [22] . The theory also predicts a rotation of IAF peak position at very high temperatures which should be verified by future experiments.
Finally, we would like to mention that the influence of the additional second-neighbor hopping t ′ on the IAF and momentum-integrated dynamical spin susceptibility of the t-J model has been discussed within the fermion-spin theory. It has been shown [23] that for small values of t ′ the qualitative behavior of the IAF and integrated dynamical susceptibility of the t-t ′ -J model is the same as obtained from the present t-J model. Yuan et al, Fig. 6 
